1. 


Objectives 


Introduce the concept of the moment of a 
force and show how to calculate it tn 2 
and 3 dimensions. 


. Provide a method for finding the moment 


of a force about a specified axis. 


Moment of a Force 


The moment of a force 
about a point or an axis 
provides a measure of the 
tendency of the force to 
cause a body to rotate 
about the point or axis 


Figure 04.01(a) 


F. - horizontal force 

d, - distance from point O to force 
M,- moment of force about point O 
(M,), -moment of force about axis z 


Figure 04.01(b) 


F, - horizontal force 

d, - distance from point O to force 
M,- moment of force about point O 
(M,),.- moment of force about axis z 


Figure 04.01(c) 


No Moment 


Moment axis 


| Magnitude of the moment 
@ Meee 


Oe. Mo Direction of the moment 
Right Hand Rule 


Figure 04.02 
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System 
of Coplanar Forces 


+M,. = Fd 


Counterclockwise 
( is positive by 
scalar sign 
Figure 04.03 convention 
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Example 


“or each case, find the moment 
yf the force about the point O 


LOO N 


Figure 04.04(a) 


M, =(100N)(2m) =200N -m ) 


Figure 04.04(b) 


M, =(50N)(0.75m) =75N -m ) 


2 cos 30° {t 


Figure 04.04(c) 


M, =(40lb) (4+ 2cos30° ft) =2291b ft ) 


Figure 04.04(d) 


M, =(601b)(1sin45° ft) =42.4Ib -ft +) 


1m 
<—_—7 kN 
4m 
PEN. 7 
O 
Figure 04.04(e) 


Mo =(7KN)(4- 1m) =21.0kN -m f 


Example 


Determine the 


force about 
points A, B, C, 
and D 


Figure 04.05 


= 800N (2.5m) = 2000N -m 


= 800N (1.5m) = 1200N -m 


= S800N (Om) = ON-m 


= 800N (0.5m) = 400N -m 


Example 


Determine the 
resultant 
moment of the 
four forces. 


40 N 


Figure 04.06 


-¥'Fd 


,_ =- 50N(2m) + 60N(0) 


+20N( 3sin30°m) - 40N( 3cos30°m) 


Ma, =- 334N -m=334N -m(cw) 


Cross Product 


Another method of 
vector multiplication 


C=A xB 
Read as C equals A 
cross B 


Cross Product 


Magnitude: 


C =ABsino 


Direction: 
Right Hand Rule 


C=AxB 


Figure 04.08 


Figure 04.07 


Cross Product 
AXB#BxA 


r OF r OFF 
A xB =-(BxA} 


Not Commutative. 


-C=BxA 


Figure 04.09(1,2) 


Cross Product 


Scalar Multiplication 


Cross Product 


3. Distributive Law: 


Unit Vectors 
96 =90° = sind =1 


N 


ixi =0 ixj=k i xk =- j 


jxi=-k jxj=0 jxk=i 


kxi =] kxj =-j kxk=0 


Right Hand Rule 


Figure 04.10 


Figure 04.11 


Cartesian Form 


AXB= =(A i+ Aj+ Ak Ak) (Boi i+ B.j+ Bk) = 
AB, (i xi) + A.B, (ixj) + A.B, (ixk) + 


A,B, (jxi) + AB, (jxj) + A,B, (jxk) + 
AB, (kxi) + AB, (k xj) + AB, (k xk} 


Carry Out Operations: 


AxB=(4,i+ Aj+ Ak)(B,i+ Bj+ Bk) = 


+ABk- A.Bj- 4Bk+ AB,i+ABj- 4B,i= 
(A,B,-AB,)i- (AB, - A.B,)j+ (AB, - A,B 


Equivalent Formulation 
Determinant form 


A, 


J 
By 


Determinant 


For Elementi : 


=i (A,B,- AB,) 


Determinant 


For Element}: 


-j (A.B, - A,B.) 


Determinant 


For Element k: 


=k (A,B,- A,B,) 


Moment of a Force - 
Vector Formulation 


Moment of a Force - 
Vector Formulation 


Moment axis 


| M, =1Fsine 


1 =F(rsin 6) 
KS. =Fd 


Figure 04.12(a) 


Principle of 
Transmissibilit 


Figure 04.13 


Principle of 
Transmissibility 


r vector can be taken to any 
point on line of action of F 


Cartesian Form 


Cartesian Vector 
Formulation 


Mo = (1,F,-F,)i 


-(,F,- Fj 


+(5F,- 5,F)k 
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Figure 04.14(b) 
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Resultant Moment of 
a System of Forces 


Example 


Figure 04.16(a) 


Find moment about A 


Solution Steps 


| | 
Find vectors & and 


. Force vector is 60 N times a unit 
vector in direction dicp 


_ Ornenk | r | 
M, =4% XF or M, = XF 


BU m, 3 m, 2 m) 


’ 
C(3 m, 4 m, 0) 


Figure 04.16(b) 


Position Vectors 


= Ta =(li+ 3) + 2k)m 


i =Ty =(3i + Aj+ Ok)m 
l ro 


ca -B- 
be =(1- 3i+(8- 4j+(2- OK 
Kp =- ai 1j+ 2k 


Force Vector 
Kp = 2i - 1j + 2k 


l > AS . 
ligg = i 1+ 2 =e = 221 + 2h 


mp] f(- 2) + (- 12+ (2) 


Moment Vector 


=(li+ 3) + 2k)m 


r. =(31+4j+ 0k)m 

lr A A i 

F =(- 40i- 20j+40k) N 

a a N N AN Nn N N 
M, = XF=(li+ 3}+ 2k)mx(- 40i- 20}+ 40k) N 


Moment Vector 


M, =m XF=(li+ 3}+ 2k)mx(- 40i- 20)+ 40k) N 


-40 -20 
=[3(40) - 2(- 20)]i - [(1(40) - 2(- 40)]j + [1(- 20) - 3{- 40)]k 
=(160i - 120}+100k} N-m 


IM,| = (160)? + (- 120) + (100)? =224 N-m 


re 


Figure 04.16(c) 


Example F, = {-60i + 40j + 20k} Ib 


MY 


F3 = {80i + 40j — 30k} Ib 
Figure 04.17(a) 


Determine the resultant moment at O and the 
coordinate direction angles for the moment. 


Position 
Vectors 


Force Vector 


B=(- 60i + 40j + 20k) Ib 


4 A 

F, =(50j) Ib 

4 A A P 

F, =(80i + 40j- 30k) Ib 


Moment Vector 


Moment Vector 


=[5(20)- 40(O)]i- [0]j + [0(40) - 60(5)]k 

+[Ofi - [O]j + [O]k 

+[5(- 30)- 40(- 2)]i - [4(- 30) - 80(2)]j + [4(40)- 80(5)Ik 
=(30i- 40} + 60k) lb-ft 


Moment Vector 
Mp, =(30i- 40j+ 60k) Ib-ft 


Mp, =,/(30)" +(- 40)" +(607) lb-ft 
Mp =78.10 lb-ft 


Ma, _(30i- 40}+ 60k) lb-ft 
Me, _—«- 78.10 lb f 
=0,3841i - 0.5121) + 0.7682k 


u= 


Direction Angles 


G =0.3841i - 0.5121; + 0.7682k 
cosa, =0.3841 «a =67/.4° 


cosh =- 0.5121 6 =121° 
cosy =0.7682  y=39.8 


= 
at) 


Mr, = {30i— 40j + 60k} Ib}: ft 


Figure 04.17(c) 


Principle of Moments 


The moment of a force about a point 
iS equal to the sum of the moments 


of the force’s components about the 
point. 


Principle of Moments 


| F F; 
M, =rxF 
r Fo er L 
—=rxkh+rxBk, F> 


-1y(R +B) 


Figure 04.18 


Figure 04.18-01(c) 


Example 


100 mm 


OO _| mm 


Figure 04.19(a) 


Determine the moment of the force about A. 


Figure 04.19(b) 


|'CB =d =100cos45° = 70.71mm =0.07071m 


M, =Fd =(200N)(0.07071m) =14.1N -m 


lr A 
M, =(14.1k} N-m 


200 sin 45° N 


Figure 04.19(c) 


M, = Fd 
=(200sin45°N} (0.20m) - ( 200cos45°N)} (0.10m) 
=14.1N -m 


r ‘ 
Ma =(14.1k) N-m 


Example 


Figure 04.20(a) 


Determine the moment of the force about O. 


Figure 04.20(b) 


( +CCw) 
~ Mo =(400sin30° N) (0.2m) 
- (400c0s30° N} ( 0.4:m) 


=- 98.6N -m 
M, =98.6N -m(+cw) 


lr i 
Mp =|- 98.6 k} N-m 


400 cos 30°N 


Figure 04.20(c) 


J 

l r OF 

M,=rxF=|04 -02 0 
200 - 3464 O 


=0i + 0j+ | 0.4(- 364.4) - (- 0.2) (200) ] 
M,, =| - 98.6 k] N-m 


a Mgiment of a Couple 


two parallel F 
forces 
having the 
Same 
magnitude 
and 
opposite 
directions 
separated 
by Figure 04.25 
a distance 

d. 


—-F 


Moment of a Couple 


F 
Resultant Force 
is zero. Effect of 
couple is a d 
moment 


-F 


Figure 04.25 


Moment of a Couple 


A Couple consists of two parallel forces, 
equal magnitude, opposite directions, 
and separated a distant “d” apart. 


A Couple Moment about any point O equals 
the sum of the moments of both forces. 


Figure 04.26 


Moment of a Couple 


Bt ak A couple moment about 
F any Point O equals the 
sum of the moments of 
/ both forces 


Figure 04.26 


M =r, < (CF) +Tp <(F) =(rp = Ta) xF 
But ra +r =rp, and r =(rz - Ta). 


..M=rxF. A couple moment is free vector. 


Moment of Couple 


Scalar formulation: 


Magnitude of couple 
moment is M = Fd. 
Direction is 
perpendicular to plane of 
forces. RHR applies 


Figure 04.27 


Figure 04.26 
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Moment of Couple 
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Example 


Figure 04.30(b) M = 390 Ib - ft 


Figure 04.30(c) 


Example 4-12 


Given: Couple Moment 
acting on Pipe OAB. 


Find: Determine 
magnitude of Couple 
Moment 

acting on pipe. 
Represent moment as 
Cartesian Vector. 


Approach: Use scalar 
calculation to calculate 
magnitude of couple 
moment. M=Fd. 


Figure 04.31(a) 


Scalar Approach 


Figure 04.31(d) 


Scalar Approach 
F=25lb 
d =6cos30° =5.2in 


M =Fd =( 251b) (5.2in) 
M =129.9lb -in 


Scalar Approach 


Figure 04.31(c) 


Vector Approach 
M,, =r, x(- 25k) + r, x{ +25k| 


—> 


M,, =8j x{ - 25k) 
+( 6c0s30°i + 8j- 6sin30°k) { +25k) 
M =- 200i - 129.9 + 200i =(- 129.93) Ib -in 


B 


Figure 04.31(b) 


Vector Approach 


Mo =Kep x{ 25k) 
M,, =(6cos30°i- 6sin30°k) x{ +25k) 


=(- 130}) Ib -in 


Resultant of a Force 
and Couple System 


Resultant of a Force and Couple 
System - 2D 


PROBLEM 


Replace the forces 
acting on the brace 
Shown below with an 
equivalent resultant 
force and couple 
moment at point A. 


.36(a) 


600 N 


Figure 04 
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=)'F, 
=- 10W- 40@os1 3 =- 383BN 
=38BNc - 


Fy 


= 6O0W- 40GimM 3 =- 88BN 


Fr =882N | 


Fp =, (38B)" + (88B)* =96N 


F 
satan =| tan i: seal = —666° °- 
FR 38B 


(+ ccw) Mg =), My (+ ccw) 
Mp. =(100 N)(0)- (600 N)(0.4 m)- (400 sin45” N)(0.8 m) 


-( 400 sin45” N)( 0.8 m) 
=- 551 N-m=551 N-m (cw) 
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Concurrent Force Systems 


NO 
FP 


Figure 04.39 


Coplanar Systems 


Resultant moment M,, = 2 
(r x F) is 1 to the resultant 
force F,, Therefore F,, can 
be repositioned a distance 
d from point O so as to 
create the same moment 
Mro. 


Fp = =F 


Figure 04.40(b) 


Mr, =2M+irxF 


Mr, = >M+2rxF 


Fp = =F 


Figure 04.40(c 


- Figure 04.40(b) 
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Figure 04.43(a) 


rmine the magnitude, direction, and location on the 
1 of the resultant force that is equivalent to the syster 
rces shown. 


Fr, =>),  =50@060 N+ 10WN=35—N 
Fry =), Fy =- 50Ginm60 N+ 20WN =- 23N 


Fp =/G50'+¢ 233 =42QN 
aa, 1) 233 _ 
§ =tan a2 337° ~: 


I(+ccw) Mre => M, 
=(500 sin60°)(4) +(500 cos60°) (0) - 


(100) (0.5) - (200) ( 2.5) 
=1182.1 N-m 


G@ccW Mrp = Mp =50Gi6014 +50e@060K0- 
(1080.5) - (20825) =1182N-m 


2341+ 35Q0 =1182N-m 
d=5.07m 


Figure 04.43(b) 


Parallel Force System 


1. Assume all forces act in z-direction. 

2. Can include couple systems in x-y 
plane. 

3. Sum Forces and Moments about a 
point. 

4. Move resultant force a distance d 
from point to get same moment. 


Parallel Force Systems 


(a) (b) (c) 


Figure 04.41 


Figure 04.41-01(c) 
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400 N 


Figure 04.45(a) 


Determine the magnitude, direction, 
and location on the slab of the 
resultant force that is equivalent to the 
system of forces shown. 


Fp =)'F =-600N+ 100N-40WN -500WN = -140WN 
Mo =60Q0}) 10Q5)-40Q1 09 50QO0F -350W - 
oO. ~6008) 10Q6% 40Q0% 50QOE420W -m 


Figure 04.45(b) 


Figure 04.45(b) 
(-140N) y=Mo = -350W-m 


y=2.30n 
(1406) x=Mop = 420W-m 
x=3.00n 


Probs 04.106/107 


QUESTION 


a) Replace the force 
system with an 
equivalent force 
system 


b) specify a location 
(0,y) for a single 
equivalent force to 
be applied. 


>», F, =5(sin40?) + 3cos(60°)- 4(7.5) =- 1.286 kN 
>» F, =5(cos40°)- 3sin(60°) + 2(7.5) =5.732 kN 


>, Mo =- 2(7.5) (3) + Kcos40? )(2) 
- 3cos(60° )(5) =- 13.34 kN -m 


13.34 kN m 


(1.286 kN) y =13.34 KN-m 


y =10.4 m aown 
y =-10.4m 


